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Summary: The particle scattering behaviour of a pearl necklace chain is derived.
The chain is composed of sphere-like pearls, separated by rod-like segments of fixed
length, which have no angular restrictions. By calculating several series of model
scattering curves, the important structural features are retrieved. The model is
believed to be useful in interpreting intermediate structures of collapsing
macromolecules or polyelectrolytes. A first application to a shrinking polyelectrolyte
coil generated by molecular dynamic simulations (Limbach and Holm, J.Phys.Chem.
2003) is presented and used to discuss the potentials and limits of the model.

Keywords: coil collapse; form factor; freely jointed chain, pearl necklace;
polyelectrolyte collapse

Introduction

Polyelectrolytes are highly charged and water soluble macromolecules. Discharging the
polyelectrolytes reduces their solubility. If water is a non-solvent to the respective neutral
polymer backbone, electrical discharge eventually leads to a precipitation of a polyelectrolyte
salt. This neutralisation of the chains can be caused by protonation, by complexation of metal

cations!'!

or by addition of a large amount of an inert salt.” Very low concentrations of the
polyelectrolyte chains may prevent a macroscopic phase separation for kinetic reasons
resulting in an intramolecular collapse to sphere like particles. Predicted by various theoretical
approaches, this collapse was established experimentally for the first time with sodium

polyacrylate chains (NaPA) in the presence of calcium ions.[*”)
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A similar coil collapse occurs with neutral polymers when crossing the unperturbed or ©-
state.®"*! First time resolved experiments by means of dynamic light scattering on the
collapse mechanism of neutral polymers revealed a two stage kinetics with a crumpled
globule in a first stage and a final collapse to a compact globule or sphere. The collapse was
inferred by quenching polymer solutions from the @-temperature to just below its separation
threshold. The time regime for the induced collapse was in the order of a few minutes and

required extremely skillful experiments.m]

Much less experimental data exist on the shrinking mechanism of polyelectrolyte coils close
to a phase boundary. In the latter case, however, theoretical progress is remarkable.

Consideration of the polyelectrolyte collapse began with the publications by Khokhlov,!¥

{13181 and Rubinstein et al.'”! The underlying physics is the shape

Kantor and Kardar
instability of charged droplets which depends on the surface tension and charge density.
However, unlike to charged droplets, a collapsed chain cannot fall apart. Its conformational
transformation from spherically collapsed particles to extended polyelectrolyte coils or vice
versa passes a cascade of transition states. Depending on the conditions, these states may
adopt cigar like or pearl necklace like structures.!'*?% The transformation can be induced by
addition of an increasing amount of an inert salt to a polyelectrolyte, dissolved in a medium

which is a bad solvent for its neutral backbone.

First experimental indications for pearl necklace like intermediates adopted by polyelectrolyte
chains in dilute solution were published only recently. Geissler et al.”*! induced the shrinking
of a polycation in saltless water by addition of acetone and performed small angle neutron
scattering (SANS) experiments with collapsed chains. By comparing the overall size of the
polycations with the behavior of the scattering curves at high g-values, they found indication
for a string of three to four pearls. Similar to this type of shrinking, Morawetz et al.*¥
followed solutions of sodium polystyrene-sulfonate, sodium polyacrylate (NaPA) and sodium
polymethacrylate (NaPMA) close to the phase boundary by adding methanol to the aqueous
solutions and performed NMR spectroscopy. They found a reduction of the 'H signals which
was attributed to the loss of mobile segments. According to Morawetz et al.® those
segments were used up to form the pearls. The most recent paper in this field® also seems to
provide the most direct indications. Minko et al. succeeded to produce AFM images which
indicate a cascade of structural transitions of poly(2-vinylpyridine) in solution, induced by

Pd*" complexation. The cascade started with wormlike chains and finally led to pearl necklace
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like structures. At the same time first systematic small angle scattering has been carried out on
highly dilute solutions of NaPA in the presence of earth alkaline cations.***”) These make the
development of theoretical scattering curves for pearl necklace like structures highly
desirable.

2922) stem from computer simulations of the collapse

First theoretical scattering curves
process of polyelectrolyte chains induced by counterion condensation. A characteristic feature
of those curves is a shoulder or a maximum of the scattering curve at a distinct value of the

scattering vector. This value was related to the distance between neighbored pearls.

Initial attempts to calculate analytical scattering curves have been made by Rubinstein et
al.l'! and by Francois et al.’® In Ref. 17, pearls were lined up along a rodlike string. In
Ref. 28, the pearls were assumed to be connected by Gaussian chain segments which are
modeled by bonds with a Gaussian length distribution without angular correlations. The two
models limit the range of flexibility reaching from a rod like arrangement of pearls to a
flexible chain of pearls. In both cases, the scattering from strings was neglected which may be
justified in the light of the much larger mass fractions being located in the pearls. However, it
may become an increasingly crude approximation if the interconnecting strings are coiled

segments.

We therefore extend these calculations by a model which is characterized by features. (1) We
connect rods of constant length denoted as strings to form a freely jointed chain with pearls on
its junctions. (2) We explicitly include the scattering contribution from the interconnecting
strings. An appropriate assessment of both features seems to be desirable and is presented in
the following. Aside from the explicit consideration of the interconnecting strings, the present
model differs from the suggestion by Rubinstein et al.l'’ in its angular flexibility. However,
we have to emphasize, that the adoption of a certain extent of angular flexibility seems to be
realistic only as long as two next but one pearls do not get closer than the length of a string in
accord with the Rayleigh instability. A certain extent of angular flexibility may also become a
realistic feature for pearl necklace structures which have causes'®” different from the Rayleigh
instability of polyelectrolytes. At the same time, our model fixes the string length. This may
be a more realistic feature than the distribution width of an interconnecting Gaussian coil
segment in the model of Francois et al.,1?® at least if the separation of charged pearls along a

polyelectrolyte chain is addressed. Thus, the present model accounts for aspects not
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[17,28)

considered by the previous calculations without being necessarily superior in all respects.

However, it is the application of the different models which may help to distinguish the

consequences of various features on the scattering of intermediates of a collapsing polymer.

In the first part of the paper, we describe the model used for the pearl necklace and derive its
particle scattering factor. In the second part, an outline is given for the major aspects of the
scattering behavior by discussing the impact of systematically varied parameters. Finally, the

model is compared with well defined structures Limbach and Holm®? have generated by

means of molecular dynamics simulations.

Calculation of Particle Scattering Factor

The Model. The pearl necklace chain is composed of two elements: Rod like strings are
interconnected at their ends to form a freely jointed chain. Each linking point is at the center
of a homogeneous sphere corresponding to a pearl. M rod like strings connect M +1=N
pearls. The overall contour length of the chain is

L=M"A )
with A the fixed distance between centers of two neighboring pearls. No angular correlations
exist between any two connected rod like strings. The radius of the pearls is R which reduces
the physical length of the strings to /

I=A-2R 2
A detailed illustration of the model is given in Figure 1.
The model can be mapped to any chemically specified macromolecular chain according to

m,=1[/b (3a)

mg = 47R* / 3v, (3b)
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which relates the number of monomers in a rod like segment m, to the length b of the
chemical monomer and the number of monomers in a pearl mg to the monomer volume v,

respectively. The total mass M,, of the polymer chain thus amounts to

My, = M'm; + N'm, *)

Figure 1. A pearl necklace based on a freely jointed chain with A the distance between the
centers of two neighboring pearls, / the nearest distance between the surfaces of two
neighboring pearls and R the a radius of a pearl.

Elementary Scattering Functions. Independent of the nature of the applied waves, the

scattering pattern exerted by a scattering particle can be expressed by the form factor P(q)

P(q) =1(q)/I(q = 0) ®)
The form factor corresponds to the scattering intensity 1(q) as a function of the scattering
vector ¢, normalized by the scattering intensity in forward direction I(q = 0). The scattering

vector q is defined as

q = (4n/1)sin(6/2) (6)
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with O the scattering angle and A the wavelength of the scattered waves.

A suitable starting point for the calculation of particle scattering factors was published in
1915, when Debye first predicted the scattering behavior of small molecules.”®! At that time
corresponding scattering curves were about to become accessible by X-ray diffraction.
Treating molecules as clusters of atoms with fixed inter-atomic distances r;; , Debye expressed

the form factor as a double sum over all atomic pair combinations

n

P(q) = n% > Z v(@Qw;() sm(frij) 7

=1 =1 i

In Equation (7) the factor yi(q) is the normalized scattering amplitude of the atom i.

In 1969 this formula was used to calculate the form factor of n spheres, lined up on a freely

jointed chain. Although, Burchard’s and Kajiwara’s®"!

original intention was to describe the
scattering behavior of macromolecules, their results turn out to be an important element for
the calculation of the scattering behavior of a pearl necklace. In their model, the spheres
corresponded to monomeric units which were connected via bonds of constant length. The
bonds fixed the distance between neighboring monomers and formed the freely jointed chain.
All monomers were considered to be identical and their scattering behavior could be
described by a single normalized scattering amplitude wi(q) = y(q). Due to the fact that a
sphere is invariant to orientations, the form factor of a sphere is equal to the product

y(q)w(q). Scattering contribution from the bonds were neglected. The resulting scattering

curve corresponded to a modified Equation (7)

1, J sin(qr; )
P(q) = n—zl// (Q)ZZ<T> (3)

71 =1 i

In Equation (8) n is the degree of polymerization of the chain. The brackets < > denote an
averaging of the interference factor from two point scatterers, j and i, over all possible
conformations of the connecting chain segment with [j-i| monomers. For freely jointed chain

segments, this conformational average reads?!
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sin(qr;)\  (singb . ©)
qr;; - qb

In Equation (9) b is the distance between neighboring monomers, corresponding to the bond.
By inserting Equation(9) into Equation (8) and solving the double sum, Burchard and

Kajiwara reached at

b2 @[ n  n_1-(sin(ab)/ab)" sin(ab) (10)
n’ [1-sin(gb)/gb 2 (1-sin(gb)/qb)> qb

A second basic element required for the form factor of a pearl necklace can be recovered from
a paper by Hermans and Hermans." Like Burchard and Kajiwara,""! Hermans’ and
Hermans’ intention was to model the scattering curve of polymeric chains. However, in their
case, the monomers were the infinitely thin rods or bonds which form the freely jointed chain.
Due to the fact that no angular correlation does exist between two neighboring monomeric
bonds, the orientational averaging of each bond was performed independently of the rest of
the chain. Starting point is again Equation (8). The scattcring behavior of the monomers was
expressed by the normalized scattering amplitude of an infinitely thin rod as yi(q) = A(q). The
amplitude A(q) is an orientational average. Hermans and Hermans could also apply
Equation (9) to account for the averaging over all possible distances between monomer i and
j. In line with the nomenclature of Equation (8) to Equation (10), we use a chain with m = n-1
bonds each of constant length b. It has to be emphasized that, unlike for spheres, the form

factor of a rod is not equal to A*(q). The final form of the particle scattering function was!®?

SRR PPN (.. CLYE N G B b CLOLL )i IS
m? Aq)gb/2 1-sin(qb)/gb ~ (1-sin(gb)/qb)*

Form Factor of a Pearl Necklace Chain. The particle scattering function of a pearl necklace
presented in this paper is based on the freely jointed chain which determines the distances

between any two pearls, each located on the ankle of two neighboring bonds (strings). The
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scattering curve P(q) decomposes into three contributions. Two of these contributions can be
adopted from the elements presented in the preceding section. The term Sg(q) corresponds to
the interferences stemming from the pearls and S.(q) quantifies the interferences of the
interconnecting rod like strings. The third contribution S(q) is a mixed term, accounting for
correlations between the interconnecting strings and the pearls which, to the best of our
knowledge, is evaluated for the first time in the present work. Addition of all three

contributions and appropriate normalization leads to the form factor of a pearl necklace P(q)

_S.(@+8.(9)+8,(q)

P@ (M-m, +N-m,)*

(12)

Normalization is achieved by the total number of chemical monomeric units forming the

polymer chain.

The term S(q) can be translated from Equation (10) by simply renaming b to A and n to N

and by weighting with the amount of monomers (m,N)~.

N N 1-(sin(qA)/qA)~ sin(qA
S, (@) = 22y (@) —— SN IDEIMEANIGA) @A) |
1-sin(gA)/qA 2 (1-sin(qA)/qA) qA
The normalized scattering amplitude for a pearl will be based on a sphere according to**
sin(qR) - (qR) - cos(qR
W(q){3_ (4R)~ (aR)-cos(g )} 14
(qR)

Using the correspondence of m and M, Equation (11) leads to the contribution from the rod
like segments to the scattering of a pearl necklace. Here the weighting factor is based on the

amount of monomers in all rods (m,M)2

a2 1= (5in(qA) /qA)"
1-sin(qA)/qA 2F@ (1-sin(qA)/qA)’

1s)

sin(ql/2)j2}+ 2MB*(q)

S.(q)=m; {M{ZA(q) —[ al/2
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However, we have to draw attention to an important difference to the Hermans and Hermans
model. In the latter case, the scattering of the rod like segments stems from rods with the full
length A which is the distance between two neighboring ankles. In the pearl necklace, any
connecting rod ends at the surface of two neighboring pearls reducing the effective length to
/= A-2R. The remaining parts of A were attributed to the pearls. Thus, two different
expressions are required in Equation (15) in order to account for the scattering amplitudes of
the rod like segments. The curved bracket is the self term, representing the form factor of an
infinitely thin rod of length /. Here A(q) denotes the orientationally averaged and normalized

scattering amplitude of the rod like segments given as?®”)

qJl-sint(t) ‘
Mo = OT (16)

In the remaining two terms of Equation (15), the expression B(q) is used to form products of
amplitudes corresponding to pair combinations of any two rods which start at R and end at A-

R if described in the coordinate system of the preceding pearl respectively

a(A-R) .
I sin(t) ¢

t
p@=—"—"-—"— (17)
ql

Finally, the mixed term remains to be evaluated. This term includes only a part of the double
sum in Equation (7). In this part, the index i and j denotes pearls and rod like strings
respectively. The scattering amplitude yi(q) = w(q) of pearl i is given by Equation (14) and
the orientationally averaged and normalized scattering amplitude y;(q) = p{(q) of a rod j is
defined by Equation (17). Casting this term into a double sum and using Equation (9) with A

instead of b leads to the mixed term

S,.(q) =m, B(q)-my(q)- Z{ZZ[Sm(qu } (18)

i

Care has to be taken in properly expressing the exponent o which reads
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oy = [i-J] jzi (192)

oy = fij-1]  j<i (19a)

It can easily be shown, that the number of pearl-rod combinations separated by k
intermediate rods amounts to 2(N-1-k). Thus by using Equation (19), Equation (18) can be

rewritten by the following sum

N-2 : k
5.(@ =mﬁ(q»my(q)-{&(N—l—k)(“ﬁ—i‘”j 1 0)

The sum in Equation (20) can be solved, leading to

N-1 _1-(sin(qA)/qA)™" sin(qA) 1)
1-sin(qA)/gA  (1-sin(qA)/qA)’ qA

Sx (@) =m, B(q)-my(q)- 4{
Inserting Equation (13), (15) and (21) into Equation (12) finally leads to the form factor of a

pearl necklace based on a freely jointed chain.

Parameters. Sodium polyacrylate was chosen as an example for a polyelectrolyte system
which is able to collapse to spheres via non-spherical intermediate states.?®! A pearl
necklace model can be adapted to this system by using a monomer length of b = 2.591 A and
a monomeric volume of v, = 586.2 A*. The latter was estimated from the hydrodynamically
effective radius Ry = 170 A of a completely collapsed sodium polyacrylate chain with a molar

mass of 3.3'10° Dalton'?**%!,
Results

In order to estimate the impact of different structural elements of a pearl necklace on its

particle scattering factor, three series of scattering curves were generated.
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The first series addresses to the influence of the distance between neighboring pearls at a
constant pearl size of R = 80 A. The distance was varied between 335 A < A <510 A. Results
are summarized in Figure 2. All curves exhibit a minimum. The scattering vector of the
minimum Qmir decreases with increasing distance between the neighboring pearls A. In order

to estimate a pearl distance A, use can be made from the following empirical relationship
A=10.67 quin™® (22)
A second minimum does not become noticeable due to the lack of correlation between pearls

separated by two strings. Above q = 0.03 A™, all three curves merge and the scattering is

governed solely by the individual pearls.

1E-4  1E-3 001 0,1
-1
q/A

Figure 2. Form factors of pearl necklace chains with three pearls. The pearl size is fixed at
R =80 A. The distance between two pearls is A =510 A (1); A=410 A (2) and A =335 A

3.

As shown in Figure 3, Equation (22) is reliable in a regime of A/R which is at least as large as

3<A/R<G.
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Figure 3. The distance A between the center of two neighboring pearls plotted versus the
location of the minimum observed for model scattering curves of trimpbells. The pearl size
was fixed at R = 80 A. The straight line is a fit with Equation (22).

In a second series, the pearl distance is fixed at A = 500 A and scattering curves are calculated
for a variable pearl size in a range of 75 A <R < 200 A. Now, the location of the minimum
Jmin Temains unchanged at least within this series, but the minimum is getting blurred with
increasing R/A and eventually turns into a shoulder. In the case of a shoulder, A could only be
estimated by Equation (22) if the inflection point is used instead of qu,. However, as shown
in Figure 4, another distinct feature becomes discernible. The sharp minimum at qs moves
towards higher g-values for a decreasing pearl size. This could be captured by the empirical

equation,

R=44/q, 23)
which is almost identical to the well known relation R = 31/2q; for spheres.?*! Clearly, g, can
be attributed to the sphere radius R. Alternatively, the respective maxima to the right of g

could have equally well been chosen to determine R.

Finally, a series of scattering curves was calculated for variable scattering power of the pearl

and rod. This variation was achieved by changing b and v, , which, according to Equation(3),

© 2004 WILEY-VCH Verlag GmbH & KGaA, Weinheim



37

01]

S 001 115
o ] ]
1E-3

1E-41

1E-5 ﬂ

1E-4 1E3 001 0,1
q/A

Figure 4. Form factors of pearl necklace chains with three pearls. The distance between
neighboring pearls is fixed at A = 500 A. The pearl size is R =200 A (1); R =125 A (2) and
R=75A(3).

1} J
. 01 ]
G _
a
0,01}
TE-4 1E-3 0,01 0,1
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Figure 5. Form factors of pearl necklace chains with three pearls at variable b and v,. The
pearl size and the distance between two neighboring pearls is fixed at R = 100 A and A =
500 A respectively. The variation of b and v, changes the ratio of monomers in a pearl ms to
the number of monomers in an interconnecting rod m, according to mg / m, = 7146/116 (1); m,
/ m; = 6500/1083 (2) and ms / m, = 5416/2708 (3).
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simply varies the number of monomers per rod m, and per pearl m,. In order to isolate this
aspect, calculation of the series was performed at a constant distance A between two
neighboring pearls and at constant pearl size R. Results are represented in Figure 5. In
agreement with the earlier series, the location of the first minimum g, is not affected by the
present changes. But the first minimum, which is related to A is smeared out as the ratio

m,/my increases and so does qs.

To conclude, the most prominent feature of our model scattering curves is the minimum g,
referring to the distance A between two neighboring pearls. Although g, may not be related
to A in a unique way we will demonstrate in the following section, that Equation (22) gives a

good enough estimate of A.

Comparison with Simulations by Limbach and Holm

Limbach and Holm*! performed molecular dynamics simulations with polyelectrolytes at
variable solvent quality, strength of clectrostatic interaction and charge fraction of the
polyelectrolytes. Variation of these properties changes the extent of counterion condensation
and thus, the effective charge density of the fully dissociated polyelectrolyte chains. The
effective charge of the chains, in turn, determines the size and shape adopted by the chains.
Although simulations were performed at a poor solvent quality for the chain backbone,
necklace like shapes for the shrinking chains could only be observed in a narrow regime of

charge fraction and of strength of electrostatic interaction.

Scattering curves of those intermediates are suitable for a comparison with our model. Their
validity lies in the exact knowledge of the corresponding number of pearls, mean pearl size
and distance between two neighboring pearls, which are summarized in Table 1. Two
intermediate structures were selected: One with an ensemble average number of 1.87 pearls
per polyelectrolyte chain and one with an ensemble average number of 2.9 pearls per
polyelectrolyte chain. Scattering curves of both selected intermediates were represented in
Figure 25 of Ref. 22. The selected curves were compared with scattering curves from our
pearl necklace model. Translation of the simulations to an actual length scale in our model

was performed by setting b =2.591 A" = o with o the unit length used in Ref. 22,
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Figure 6. Form factor of an intermediate structure with an ensemble average number of 1.87
pearls per polyelectrolyte chain, generated by molecular dynamics simulations™! (o) in
comparison with the form factor of a dumbbell (—) calculated by Equation (12) with A=40 A
and R=7.5 A . Parameters are summarized in Table 1.

Figure 7. Scattering curve of an intermediate structure with an ensemble average number of
2.9 pearls per polyelectrolyte chain, generated by molecular dynamics simulations®?! (o) in
comparison with model scattering curves calculated by Equation (12): Trimpbell (—) with
A=35 A and R=6.5 A; (---) dumbbell with A=35 A and R=6.5 A. All curves are
unnormalized and approach M, in the limit of g=0. Parameters are summarized in Table 1.
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With both curves taken from Ref. 22, a value of A and R could be estimated by means of
Equation (22) and Equation (23) and compared to the real values known from the simulated
samples.” As is demonstrated in Tablel, agreement is satisfactory. By inserting these
estimates for A and R into Equation (12), model curves were calculated for a dumbbell and a

trimpbell (necklace with three pearls).

Complete description of the scattering of the simulated dumbbell could be achieved. Results
are shown in Figure 6. In the case of the trimpbell, the model curve is adapted to the
simulated curve in a regime of ¢ > 0.12 A™. This was achieved by using the second inflection
point to estimate A according to Equation (22). Satisfactory agreement is observed only for g
> 0.12 A7 corresponding to the regime, which is dominated by the element of a dumbbell.
Agreement is getting poorer for lower q-values. This can clearly be attributed to the stretched
shape of the simulated chain, which causes interference effects between two pearls separated
by two strings. Such interferences do not occur in our model, which is based on a freely
jointed chain. Details can be taken from Figure 7. The very failure is also responsible for the
larger radius of gyration R, observed for the simulated trimpbell (Table 1).

Table 1: Comparison of pear] necklace parameters from molecular dynamics simulations®!

with the corresponding parameters from the theoretical curves for the present pearl necklace
model shown in Figure 6 and 7. The parameters corresponding to the model curves are
estimates based on an application of Equation (22) and Equation (23) to the scattering curves
from molecular dynamics simulation.

Simulation by Limbach and Holm™” Pearl necklace model
n, A R’ R, 1, A R R,
A A A A A A
1.87 389 8.7 19.1 2 40 7.5 20.4
2.90 36.0 7.1 29.7 3 35 6.5 23.0

YEstimated from the average radius of gyration of a pearl devided by 0.78

However, proper estimates of R and A could be extracted even in the case of the trimpbell.
We simply took advantage of the fact that a g-regime exists, which is dominated by the
element of a dumbbell, irrespective of the size of the pearl necklace. This is illustrated in
Figure 7 where unnormalized scattering curves were used. The theoretical curves of a
trimpbell and a dumbbell, which have the same pearl size R and pearl distance A are
compared. Clearly, the simulated trimpbell and the trimpbell and dumbbell based on the freely
jointed chain show the same features if q > 0.12 A" | i. e. a shoulder/minimum at Qi =

0.15 A" and a shoulder/minimum at q; = 0.7 A™.
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Conclusions

Particle scattering curves could be derived for pearl necklace chains based on a freely jointed
chain. The chains consist of two components, homogeneous spheres and infinitely thin rods.
The pearls are connected by the rod like segments which have a constant length. Both

components contribute to the scattering of the pearl necklace.

The scattering curves have a characteristic shoulder or minimum. Its location correlates with
the distance between neighboring pearls. For scattering vectors larger than this location, the

scattering behavior is dominated by the individual pearls.

Model scattering curves were compared with molecular dynamics simulations performed by
Limbach and Holm.* A successful description of simulated data with model curves was only
successful in the case of a dumbbell, which was the most simple case. In the case of a
trimpbell, the model could not reproduce correlations which stem from pearls separated by

22 gimulated pearl necklace

two rods. As already pointed out by Limbach and Holm,
intermediates generated from fully dissociated polyelectrolyte chains by simple counter ion
condensation are highly stretched entities. For this type of shrinking process, the model of

Rubinstein et al.'”!

is superior to our freely jointed pearl necklace.

Irrespective of the degree of flexibility of a pearl necklace, the structural element of a
dumbbell plays a central role in the proof of a pearl necklace shape. A correlation between
neighboring pearls and intra-spherical interferences are the most frequent features in the
scattering curve. Once these features become discernible in a scattering experiment, they give
access to A and R by simply mapping the appropriate section of the experimental curve to the

dumbbell scattering curve.
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